The theory of principal G-bundles over a Lie groupoid is an important one unifying various types of principal G-bundles, including those over manifolds, those over orbifolds, as well as equivariant principal G-bundles. In this paper, we study differential geometry of these objects, including connections and holonomy maps. We also introduce a Chern-Weil map for these principal bundles and prove that the characteristic classes obtained coincide with the universal characteristic classes.
the classifying space BΓ [28] . It is well known that H * dR (Γ • ) becomes a ring under the cup product [13] . For a Lie group, this is the model studied by Bott-Shulman in connection with characteristic classes [7, 8, 29] . Under this model, for a principal G-bundle P → Γ 0 over a Lie groupoid Γ ⇉ Γ 0 , the relevant notion involved is a pseudo-connection, i.e. a connection 1-form θ ∈ Ω 1 (P ) ⊗ g for the G-bundle P → Γ 0 (forgetting the groupoid structure). The total pseudo-curvature is a degree 2element in Ω(Q • ) ⊗ g consisting of two parts. The first part is the usual curvature 2-form Ω = dθ + 1 2 [θ, θ] ∈ Ω 2 (P ) ⊗ g, while the second part ∂θ ∈ Ω 1 (Q) ⊗ g measures the failure of θ to be Γ-basic (Proposition 3.6). Here Q ⇉ P denotes the transformation groupoid associated to the Γ-action on P , i.e. Q = Γ × Γ 0 P , and ∂ : Ω 1 (P ) ⊗ g → Ω 1 (Q) ⊗ g is the boundary map with respect to this transformation groupoid. Comparing this with the usual picture, it is useful to note that the differential stack corresponding to the groupoid Q ⇉ P is indeed a principal G-bundle over the differential stack of Γ. We prove Theorem A.
1. Associated to any pseudo-connection θ ∈ Ω 1 (P ) ⊗ g, on the cochain level there is a canonical map
There is a conceptually simpler way to think of characteristic classes, namely via universal characteristic classes. A principal G-bundle P over M induces a map from M to BG (the classifying space of G), which in turn induces a homomorphism of cohomology groups H * (BG) → H * (M ) . Composing the Bott-Shulman map with this map, one gets a map S(g * ) G → H * (M ) . It was shown in [29] that this coincides with the usual Chern-Weil map w P .
We show that this picture can be generalized to our more general context. While it is possible to make sense of the above argument by replacing the manifold M everywhere with a groupoid Γ, it is conceptually even simpler to broaden the concept of "maps" between groupoids by allowing generalized homomorphisms, which can be thought of as a groupoid version of smooth maps between differential stacks. Under this framework, a principal Gbundle P over a groupoid Γ ⇉ Γ 0 is then equivalent to a generalized homomorphism from Γ to G. Hence it induces a homomorphism on the level of cohomology H * dR (G • ) → H * dR (Γ • ). Composing the Bott-Shulman map with this map, one obtains a map w : S(g * ) G → H * dR (Γ • ). This is called the universal Chern-Weil map. We have
Theorem D. The universal Chern-Weil map and the Chern-Weil map are equal.
A connection on a principal G-bundle P over a groupoid Γ ⇉ Γ 0 is a pseudo-connection θ ∈ Ω 1 (P ) ⊗ g such that ∂θ = 0. In contrast to pseudo-connections, the notion of connections is well-defined for differential stacks in the sense that they may pass to Morita equivalent groupoids in a natural fashion (Corollary 3.15) . Unlike the case of manifolds, connections do not always exist for every principal bundle over a groupoid Γ ⇉ Γ 0 . However, we prove that Theorem E. Any principal G-bundle over an orbifold always admits a connection.
Whenever a connection exists, the Chern-Weil map admits a much simpler form. It essentially results from applying a polynomial function to the curvature of the connection exactly as in the manifold case. More precisely, consider the subcomplex (Ω(Γ 0 ) Γ , d) of the de Rham complex (Ω(Γ 0 ), d), where Ω(Γ 0 ) Γ = {ω ∈ Ω(Γ 0 )| ∂ω = 0}. Let H * dR (Γ 0 ) Γ be its cohomology. The inclusion i : Ω(Γ 0 ) Γ → Ω(Γ • ) is a chain map and therefore induces a morphism i :
Theorem F. Assume that the principal G-bundle P π → Γ 0 over the groupoid Γ ⇉ Γ 0 admits a connection θ ∈ Ω 1 (P ) ⊗ g. Then the following diagrams commute
where z : S(g * ) G → Z * (Γ 0 ) Γ , and w : S(g * ) G → H * dR (Γ 0 ) Γ denote the usual Chern-Weil maps obtained by forgetting the groupoid action. I.e., z(f ) = f (Ω) ∈ Z * (P ) basic ∼ = Z * (Γ 0 ), ∀f ∈ S(g * ) G , where Ω ∈ Ω 2 (P ) ⊗ g is the curvature form.
Therefore, as a consequence, when a flat connection exists, i.e. a pseudo-connection whose total curvature vanishes, the Chern-Weil map vanishes (except in degree 0). Indeed, a flat connection resembles in many ways a flat connection on usual principal bundles. In particular we prove Since our construction of the Chern-Weil map can be done purely algebraically, following the idea of Cartan [10] , we carry out this construction for any G-differential simplicial algebra, which we believe is of interest in its own right. This is the content of Section 4. We present two equivariant constructions. One is through fat realizations and the other is a functorial approach in terms of simplicial algebras. The Chern-Weil map for principal G-bundles over a groupoid is discussed in Section 5. Section 2 is preliminary on principal G-bundles. We give several equivalent pictures of principal G-bundles over a groupoid which should be of independent interest. Section 3 is devoted to the study of differential geometry of these principal bundles including connections, curvatures and holonomy maps.
Finally, a remark about notation. In this paper, G always denotes a Lie group and g its Lie algebra. By a "groupoid", we always mean a "Lie groupoid" unless it is specified otherwise; the source and target maps are denoted by β and α, respectively.
2 Principal G-bundles over groupoids
Simplicial G-bundles
In this subsection, we recall some useful results concerning simplicial G-bundles.
Recall that a simplicial set M • [13] is a sequence of sets (M n ) n∈N together with face maps ǫ n i : M n → M n−1 , i = 0, . . . , n and degeneracy maps η n i : M n → M n+1 , i = 0, . . . , n, which satisfy the simplicial identities: ǫ η n j = ǫ n+1 j+1 η n j = id Mn . A simplicial manifold is a simplicial set M • = (M n ) n∈N , where, for every n ∈ N, M n is a smooth manifold and all the degeneracy and face maps are smooth maps.
Associated to any Lie groupoid Γ ⇉ Γ 0 , there is a canonical simplicial manifold Γ • , constructed as follows [28] . Set Γ n = {(γ 1 , γ 2 , . . . , γ n ) ∈ Γ n |β(γ i ) = α(γ i+1 ), i = 1, . . . , n − 1}, the manifold consisting of all composable n-tuples, and define the face maps ǫ n i : Γ n → Γ n−1 by, for n > 1 ǫ n 0 (γ 1 , γ 2 , . . . , γ n ) = (γ 2 , . . . , γ n )
ǫ n n (γ 1 , γ 2 , . . . , γ n ) = (γ 1 , . . . , γ n−1 )
ǫ n i (γ 1 , . . . , γ n ) = (γ 1 , . . . , γ i γ i+1 , . . . , γ n ), 1 ≤ i ≤ n − 1,
and for n = 1 by,
. Also define the degeneracy maps by η 0 0 = ǫ : Γ 0 → Γ 1 (ǫ being the unit map of the groupoid) and η n i : Γ n → Γ n+1 by:
We now recall the notion of simplicial G-bundles over a simplicial manifold [13] .
• for every n ∈ N, P n is a principal G-bundle over M n , and
• the degeneracy and face maps are morphisms of principal G-bundles.
Principal G-bundles over a groupoid
We recall in this subsection the definition of a principal G-bundle over a groupoid [32, 24] , and give some basic examples.
Definition 2.2 A principal G-bundle over a groupoid Γ ⇉ Γ 0 consists of a principal right G-bundle P π → Γ 0 over the manifold Γ 0 such that (i) there is a map σ : Q → P , where Q is the fibered product Q = Γ × β,Γ 0 ,π P . We write σ(γ, p) = γ · p. This map is subject to the constraints (ii) for all p ∈ P we have π(p) · p = p; (iii) for all p ∈ P and all γ 1 , γ 2 ∈ Γ such that π(p) = β(γ 2 ) and α(γ 2 ) = β(γ 1 ) we have
(iv) for all p ∈ P , g ∈ G and γ ∈ Γ, such that
Axioms (i)-(iii) simply mean that the groupoid Γ ⇉ Γ 0 acts on P π → Γ 0 . Axiom (iv) means that this action commutes with the G-action. This proposition is an immediate consequence of Lemma 2.5 and Lemma 2.7 below. First, let us introduce some terminology. For a given Lie groupoid Γ ⇉ Γ 0 , by a principal G-groupoid over Γ ⇉ Γ 0 , we mean a Lie groupoid Q ⇉ P together with a groupoid morphism from Q to Γ:
such that both G → Q π → Γ and G → P π → Γ 0 are principal G-bundles and the source and target maps are morphisms of principal G-bundles. There is an obvious notion of morphisms for principal G-groupoids over a given groupoid Γ ⇉ Γ 0 so that one obtains a category.
Lemma 2.5
The category of principal G-bundles over the groupoid Γ ⇉ Γ 0 is equivalent to the category of principal G-groupoids over Γ ⇉ Γ 0 .
Proof. Associated to any principal G-bundle P π → Γ 0 over Γ ⇉ Γ 0 , there is a groupoid Q ⇉ P , namely, the transformation groupoid, which is defined as follows. Let Q = Γ × β,Γ 0 ,π P , the source and target maps are, respectively, β(γ, p) = p, α(γ, p) = γ · p, and the multiplication is
Let π : Q → Γ be the projection map. It is simple to see that π is a groupoid homomorphism and one obtains a commutative diagram (6) . Hence Q is a principal G-groupoid over Γ. Conversely, assume that Q is a principal G-groupoid over Γ. Define a Γ-action on P π → Γ 0 by γ · p = α(q), where q ∈ Q is the unique element on the fiber π −1 (γ) satisfying β(q) = p. This endows P π → Γ 0 with a structure of principal G-bundle over Γ ⇉ Γ 0 such that Q ⇉ P is its corresponding transformation groupoid.
We leave the reader to check the functoriality of the above construction.
Lemma 2.6 Let Γ ⇉ Γ 0 be a Lie groupoid. Assume that Q and P are principal Gbundles over Γ and Γ 0 , respectively, which admit two G-bundle maps β, α : Q → P such that diagram (6) commutes. Then Q admits a structure of principal G-groupoid over
Proof. We take β : Q → P and α : Q → P as the source and target maps. The product q 1 · q 2 of two elements q 1 and q 2 with β(q 1 ) = α(q 2 ) is defined to be the unique element on the π-fiber over π(q 1 )π(q 2 ) ∈ Γ whose source equals to β(q 2 ). For any p ∈ P , define the unit ǫ(p) ∈ Q to be the unique element in π −1 (ǫ(π(p)) such that β(ǫ(p)) = p. For any q ∈ Q, the inverse q −1 is defined to be the unique element on the π-fiber over π(q) −1 ∈ Γ such that β(q −1 ) = α(q).
Since for any composable triple (q 1 , q 2 , q 3 ), both q 1 · (q 2 · q 3 ) and (q 1 · q 2 ) · q 3 are mapped to π(q 1 )π(q 2 )π(q 3 ) ∈ Γ under π, and to β(q 3 ) under β, hence q 1 · (q 2 · q 3 ) = (q 1 · q 2 ) · q 3 . Therefore the multiplication is associative. The rest of the axioms can be verified in a similar fashion.
Lemma 2.7
The category of principal G-groupoids over Γ ⇉ Γ 0 is equivalent to the category of simplicial G-bundles over the simplicial manifold Γ • .
Conversely, assume that R • := (R n ) n∈N is a simplicial G-bundle over Γ • . Let Q = R 1 and P = R 0 . By Definition 2.1, we have the commutative diagram as in Eq. (6) . Therefore, according to Lemma 2.6, Q ⇉ P is endowed with a groupoid structure, which is a principal G-groupoid over Γ ⇉ Γ 0 .
To complete the proof, it suffices to show that the associated simplicial manifold Q • is isomorphic to R • as simplicial G-bundles over Γ • . By abuse of notation, we use ǫ n i to denote the face maps of both R • and Q • . We denote by p n the maps from Q n or R n to P defined by p n = ǫ 1 0 • . . . •ǫ n 0 . Define ϕ n : R n → Q n by ϕ n (r) = q, where q ∈ Q n is the unique element in the fiber of π : Q n → Γ n over π(r) ∈ Γ n with p n (q) = p n (r). It is simple to see that (ϕ n ) n∈N is a simplicial map and is therefore an isomorphism of principal G-bundle over Γ • .
Generalized homomorphisms
In this subsection, we will give another definition of G-bundles over a groupoid using the notion of generalized homomorphisms [17, 18, 32] . Let us recall its definition below. Definition 2.8 A generalized groupoid homomorphism ϕ := (Z, σ, τ ) from Γ ⇉ Γ 0 to H ⇉ H 0 is given by a manifold Z, two smooth maps Γ 0 τ ← Z σ → H 0 , a left action of Γ with respect to τ , a right action of H with respect to σ, such that the two actions commute, and Z is an H-principal bundle over Γ 0 .
In the sequel, we will use both notations (Z, σ, τ ) and Γ 0 τ ← Z σ → H 0 interchangeably to denote a generalized homomorphism.
Recall that given a Lie groupoid H ⇉ H 0 , by an (right) H-principal bundle over M , we mean an (right) H-space P → H 0 and a surjective submersition π : P → M such that for all p, p ′ ∈ P , such that π(p) = π(p ′ ), there exists a unique γ ∈ H, such that p · γ is defined and p · γ = p ′ .
The following proposition lists several useful equivalent definitions of (right) Hprincipal bundles, or (right) H-torsors over a manifold M . 
If f : Γ → H is a strict homomorphism (i.e. a smooth map satisfying the property that
Two generalized homomorphisms ϕ 1 := (Z, σ, τ ) and
Generalized homomorphisms can be composed as follows.
is a generalized homomorphism from Γ ⇉ Γ 0 to R ⇉ R 0 . Moreover, the composition of generalized homomorphisms is associative. Thus one obtains a category G whose objects are Lie groupoids and morphisms are generalized homomorphisms [18, 32] . There is a functor G s → G, where G s is the category of Lie groupoids with strict homomorphisms, given by f → Z f as described above. The isomorphisms in the category G are called Morita equivalences [25, 34] . Indeed it is simple to see that any generalized homomorphism can be decomposed as the composition of a Morita equivalence with a strict homomorphism [32] . Let us briefly recall this construction below.
is a strict homomorphism, which is indeed a Morita equivalence [6] . On the other hand the map from
where γ ∈ Γ is the unique element such that γ ′ · z 2 = z 1 · γ, is a strict homomorphism. Thus we have proved the following
The following proposition follows immediately from the definition of generalized homomorphisms.
Proposition 2.11
The category of G-principal bundles over a groupoid Γ ⇉ Γ 0 is equivalent to the category of generalized homomorphisms from Γ ⇉ Γ 0 to G ⇉ ·.
As a consequence, we have the following Corollary 2.12 If Γ ′ and Γ are Morita equivalent groupoids, there is an equivalence of categories of principal G-bundles over Γ ′ and Γ.
As another consequence, principal G-bundles over groupoids can be pulled back via generalized homomorphisms. We describe this pull-back construction explicitly in the following: Proposition 2.13 Let P be a principal G-bundle over the groupoid Γ and ϕ :
→ Γ ′ 0 can be described as follows.
Sometimes it is useful to consider a generalized homomorphism ϕ := (P, σ, π) defined by a principal G-bundle P π → Γ 0 over a groupoid Γ ⇉ Γ 0 as the composition of a Morita equivalence with a strict homomorphism. Below we present two equivalent pictures of such compositions.
First consider the semi-direct product groupoid Q ′ : Q × G ⇉ P (using the right G-action on the groupoid Q ⇉ P as introduced in the proof of Lemma 2.5). Here the source and target maps, and the multiplication are
It is simple to check that this groupoid is Morita equivalent to Γ ⇉ Γ 0 . In fact the map (γ, p, g) → (γp, γ, pg) is a groupoid isomorphism from Q ′ ⇉ P onto the pull-back groupoid of Γ ⇉ Γ 0 via the surjective submersion P π → Γ 0 . Moreover the natural projection on the second factor
defines a strict groupoid homomorphism. Alternatively, consider the gauge groupoid
, where p ∈ P is any element satisfying π(p) = β(γ). Thus we obtain the following groupoid homomorphism:
Since any transitive groupoid is Morita equivalent to its isotropy group, Proof. This follows from a direct verification, and is left to the reader. • the category of principal G-bundles over Γ ⇉ Γ 0 ;
• the category of principal G-bundles over the simplicial manifold Γ • ; and
• the category of generalized homomorphisms from Γ ⇉ Γ 0 to G ⇉ ·.
Pseudo-connections and connections
The purpose of this section is to study differential geometry of a principal G-bundle over a Lie groupoid and in particular connections and curvatures.
De Rham cohomology
Considering a Lie groupoid Γ ⇉ Γ 0 as a generalization of a manifold (indeed it defines a differential stack [4] ), one can also speak about de Rham cohomology, which is given by the following double complex Ω
• (Γ • ):
Its boundary maps are d :
, the usual exterior differential, and
, the alternating sum of the pull-back of the face maps of the corresponding simplicial manifolds Γ • . We denote the total differential by
The cohomology groups of the total complex
is a super-commutative algebra with respect to the cup-product [13] defined as follows. For any ω 1 ∈ Ω k (Γ m ) and
where
Eq. (14) can be rewritten in terms of face maps into a more compact form:
(15) One can prove that ∨ induces a graded ring structure on the de Rham cohomology groups H * dR (Γ • ). An important property of the de Rham cohomology is that it is functorial with respect to generalized homomorphisms. More precisely, a generalized homomorphism
. We recall its construction below.
First, note that a strict homomorphism ψ of Lie groupoids induces a natural chain map between their de Rham double complexes, and therefore a morphism ψ * of de Rham cohomology groups. Now given a generalized homomorphism ϕ :
, and the strict homomorphism from Γ ′ [Z] ⇉ Z to Γ ⇉ Γ 0 as in Eq. (8) and (9), respectively. Then
It is simple to check that two equivalent generalized homomorphisms induce the same morphism for the de Rham cohomology groups. Hence ϕ is well-defined. In particular, if
Pseudo-connections and pseudo-curvatures
We are now ready to introduce the following Definition 3.2 Let P → Γ 0 be a principal G-bundle over a Lie groupoid Γ ⇉ Γ 0 .
• A pseudo-connection is a connection one-form θ ∈ Ω 1 (P )⊗g of the G-bundle P → Γ 0 (ignoring the groupoid action);
• the total pseudo-curvature Ω total ∈ Ω 2 (Q • ) ⊗ g is defined by
∈ Ω 2 (P ) ⊗ g is the curvature form corresponding to θ.
The total pseudo-curvature Ω total consists of two terms: the term ∂θ := β * θ − α * θ is a g-valued 1-form on Q, and the term Ω is a g-valued 2-form on P . Both terms have a total degree 2 in the double complex Ω
, and X 1 , X 2 ∈ g. Note that this bracket does not satisfy the graded-Jacobi identity, and is neither graded skew-symmetric.
Proposition 3.3 The total pseudo-curvature satisfies the Bianchi identity:
Proof. Applying the total differential δ to Eq. (17), we obtain
Note that θ is an element in Ω 1 (P ) ⊗ g, and the restriction of the cup-product to Ω(P ) is simply the wedge product. It follows from the Jacobi identity that [20] . Therefore, Eq. (19) follows.
Remark 3.4
We end this subsection by presenting a geometric interpretation of ∂θ.
Note that any smooth path p(t) in P induces a smooth path g p (t) in G as follows. By p(t) ∈ P , we denote the horizontal lift of the projected path π(p(t)) starting at p(0). Then the path g p (t) ∈ G is defined by the relation p(t) = p(t) · g p (t). It is clear that g p (t) satisfies the relationġ p (0) =ṗ(0) θ. Let δ q ∈ T q Q be any tangent vector and q(t) a path in Q withq(0) = δ q . Set a(t) = α(q(t)) and
Connections
Definition 3.5 Let P → Γ 0 be a principal G-bundle over a Lie groupoid Γ ⇉ Γ 0 .
• A pseudo-connection θ ∈ Ω 1 (P ) ⊗ g is called a connection if ∂θ = 0;
• if θ ∈ Ω 1 (P ) ⊗ g is a connection, then Ω total = Ω ∈ Ω 2 (P ) ⊗ g is called the curvature;
• a connection is said to be flat if its curvature vanishes.
In what follows, we investigate the criteria for a connection to exist. As we see below, this imposes a strong assumption on the G-bundles.
By U loc (Γ) we denote the pseudo-group of local bisections of the groupoid Γ ⇉ Γ 0 . It is simple to see that there is a local action of U loc (Γ) on P preserving the G-bundle structure. In other words, there is a group homomorphism
where Diff loc (P ) denotes the pseudo-group of local automorphisms of the principal Gbundle P . The map ϕ can be defined as follows. For any
where · denotes the Γ-action. Note that L · p is uniquely determined by assumptions.
Proposition 3.6 Assume that P → Γ 0 is a principal G-bundle over a Lie groupoid Γ ⇉ Γ 0 and θ ∈ Ω 1 (P ) ⊗ g is a pseudo-connection. The following statements are equivalent.
θ is a connection;
2. The g-valued one-form θ is basic with respect to the U loc (Γ)-action;
3. For each p ∈ P , we have the inclusionÂ π(p) ⊂ H p , and moreover the distribution
Here H p ⊂ T p P is the horizontal subspace defined by the connection 1-form θ, andÂ π(p) denotes the subspace of T p P generated by the infinitesimal action of the Lie algebroid A → Γ 0 .
The following technical lemma and Corollary 3.8 will be useful.
Then the following statements are equivalent
2. ω is basic with respect to the U loc (Γ)-action.
Proof. Note that the Lie algebra of U loc (Γ) is the Lie algebra Γ loc (A) of local sections of A. 1) ⇒ 2). ∀r ∈ Γ, let L be a local bisection through r and m = β(r).
Therefore ϕ * L ω = ω. ∀X ∈ Γ(A), let − → X be its corresponding right invariant vector field on Γ, andX the vector field on Γ 0 generated by the infinitesimal action of X (this is also denoted by a(X), where a : A → T Γ 0 is the anchor map). It is known that these vector fields are related by the relation α * − → X (r) =X(m). Thus it follows that
since β * − → X (r) = 0. Since α is a surjective submersion, it follows that
By Eq. (22) and (24), ω is a basic form with respect to the U loc (Γ)-action.
2) ⇒ 1). By working backwards using Eq. (23), one obtains that
r ∧· · ·∧β * δ k r = 0 and α * δ 1 r ∧· · ·∧α * δ k r = 0. Then there exists a local bisection L through r such that the vectors δ 1 r · · · , δ k r are all tangent to the submanifold L. Thus, ∀i ∈ {1, · · · , k}, we have ϕ L * β * δ i r = α * δ i r . It thus follows that
Therefore ∂ω = 0. This completes the proof of the lemma.
Corollary 3.8 Let X → Γ 0 be a Γ-space and ω ∈ Ω k (X). Then the following statements are equivalent 1. ∂ω = 0, where ∂ is with respect to the transformation groupoid
Proof. Note that ω ∈ Ω k (X) is basic with respect to the action of U loc (Γ) if and only if it is basic with respect to the action of U loc (Q). Then the conclusion follows immediately from Lemma 3.7.
Now we are ready to prove Proposition 3.6.
Proof. 1) ⇐⇒ 2) follows from Corollary 3.8.
2) ⇒ 3) is trivial.
3) ⇒ 1) First, let us fix some notations. We denote by Ψ the natural map from (an open subset of) U loc (Γ) × P to Q given by
Let δ q ∈ T q Q be any tangent vector in Q and let q(t) = γ(t), p(t) ∈ Q be a path through q such thatq(0) = δ q . Let L(t) be a family of local bisections in U loc (Γ) through γ(t) ∈ Γ. Thus Ψ(L(t), p(t)) = q(t). Hence we have β * δ q =ṗ(0) and
, by assumption we have
From the decomposition T p P = V p ⊕ H p , we writeṗ(0) =X(p) + v hor , where v hor ∈ H p is a horizontal vector andX is the vector field on P corresponding to the infinitesimal action of X ∈ g. Therefore
Since v hor is horizontal and the distribution of horizontal subspaces is preserved under the
From Eq. (26) (27) , it follows that ∂θ = 0.
As a special case, let us consider an H-equivariant principal (right) G-bundle over M as in Example 2.3, we have the following Corollary 3.9 Let Γ be the transformation groupoid H × M ⇉ M , where H acts on M from the left. And let P → M be an H-equivariant principal (right) G-bundle over M considered as a G-bundle over Γ. A one-form θ ∈ Ω 1 (P ) ⊗ g defines a connection in the sense of Definition 3.5 if and only if θ is a connection 1-form for the G-bundle P → M and is basic with respect to the H-action.
In particular, if H acts on M freely and properly, a connection on the principal G-
Proof. Let Q be the transformation groupoid Γ × M P ⇉ P . It is simple to see that Q is isomorphic to H × P ⇉ P . By β and α we denote the source and target maps. ∀X ∈ h, by − → X we denote its corresponding right-invariant vector field on H and byX the vector field on P induced by the infinitesimal action of X. Thus ∀p ∈ P, h ∈ H and v ∈ T p P , we have (
where ϕ h denotes the H-action on P . Therefore ∂θ = 0 if and only if θ(ϕ h * v) = θ(v), ∀h ∈ H, v ∈ T P and θ(X p ) = 0, ∀X ∈ h, i.e. θ is H-basic.
Next we study some obvious obstructions to the existence of a connection. Recall that a principal G-bundle P over Γ ⇉ Γ 0 induces a Lie groupoid homomorphism ρ : Γ → P ×P G given by Eq. (12). For any m ∈ Γ 0 , we denote by I m = Γ m m the isotropy group at m ∈ Γ 0 and (I m ) 0 its connected component of the identity. A groupoid is said to be a foliation groupoid if all its isotropy groups are finite groups [24] . 
Remark 3.11
We note that ρ(Γ) ⇉ Γ 0 is neither a submanifold of
Proof. 1) For any p ∈ P , the infinitesimal action of the Lie algebra i m of I m , where m = π(p), defines a subspaceî m ⊂ T p P . On the one hand, sinceî m ⊂Â m , by Proposition 3.6(3), we haveî m ⊂ H p , where H p is the horizontal tangent space at p. On the other hand, since the action of I m maps π −1 (m) to itself,î m must be a subspace of T p (π −1 (m)) or V p , the vertical tangent space at p, i.e.,î m ⊆ V p . Since H p ∩ V p = 0, it thus follows that i m = 0. Hence, the Lie group (I m ) 0 acts on P trivially.
2) is just a rephrase of 1).
3) Since ρ is the identity map when being restricted to the unit space, the isotropy group J m of ρ(Γ) over m ∈ Γ 0 is given by J m = ρ(I m ). Since (I m ) 0 ⊂ ker(ρ), it thus follows that ρ passes to the quotient J m = ρ
. The groupoid Γ is proper, so I m must be compact and therefore
is discrete. It thus follows that the group J m is a finite group. Hence the groupoid ρ(Γ) is a foliation groupoid. Example 3.12 Let G be a Lie group. Then G → · can be considered as a principal Gbundle over the groupoid G ⇉ ·, where the groupoid G ⇉ · acts on G by left translation. It is clear that connection does not exist unless G is discrete.
Pull-back connections
In this subsection, we show that there is a natural notion of pull-back connections under generalized homomorphisms which generalizes the usual pull-back connections of principal bundles over manifolds.
Let P be a principal G-bundle over Γ ⇉ Γ 0 , and ϕ :
By P ′ , we denote the pull-back principal G-bundle over Γ ′ ⇉ Γ ′ 0 constructed as in Proposition 2.13. We need to introduce some notations. Let τ : Z × Γ 0 P → P ′ = (Z × Γ 0 P )/Γ be the natural projection and σ : Z × Γ 0 P → P the projection map to the second component.
there is a unique one-form θ ′ ∈ Ω 1 (P ′ ) ⊗ g satisfying the condition:
2. θ ′ defines a connection on the pull-back principal G-bundle P ′ over Γ ′ ⇉ Γ ′ 0 , which is called the pull-back connection and is denoted by ϕ * θ;
3. the curvature Ω ′ of θ ′ and the curvature Ω of θ are related by
4. ϕ * θ is flat if θ is flat;
if ψ and ϕ are generalized homomorphisms from
Proof. 1) Note that Z × Γ 0 P → Γ 0 is a Γ-space and hence admits a U loc (Γ)-action. Moreover we have
Let
Since the projection σ : Z × Γ 0 P → P commutes with the U loc (Γ)-action, and θ is basic with respect to the U loc (Γ), the 1-form θ Z is also basic. Hence there exists an unique
2) The triple (Z × Γ 0 P, σ, τ ) defines a generalized homomorphism from Q ′ ⇉ P ′ to Q ⇉ P , where Q ′ ⇉ P ′ is the transformation groupoid of the principal G-bundle
By abuse of notation, we denote by τ and σ the homomorphisms from
respectively, defined as in Eqs. (8) and (9):
We can now prove 2) easily. Since τ and σ are strict groupoid homomorphisms, we have,
and on the other hand, 0 = σ * ∂θ = ∂θ Z .
From Eqs. (31) (32) , it follows that τ * ∂θ ′ = 0. Since τ : Q ′ [Z × Γ 0 P ] → Q ′ is a surjective submersion, we must have ∂θ ′ = 0. This proves 2).
3) follows from Eq. (28). 4) is straightforward. 5) is a direct verification and is left to the reader.
Remark 3.14 If ϕ : Γ ′ → Γ is a groupoid strict homomorphism, then the pull-back can be described more explicitly. In this case P ′ = ϕ * P = Γ ′ × ϕ,Γ 0 ,π P and θ ′ = pr * θ, where pr : Γ ′ × ϕ,Γ 0 ,π P → P is the projection on the second component. Therefore, this allows us to speak about connections and flat connections of principal G-bundles over a differential stack. As we see from Example 3.12, connections may not always exist. However, for orbifolds, we will show that they always exist.
Theorem 3.16 Any principal G-bundle over an orbifold admits a connection.
Proof. It is well-known [24] that an orbifold can be represented by a properétale groupoid Γ ⇉ Γ 0 .
Let θ ∈ Ω 1 (P ) ⊗ g be a pseudo-connection of the principal G-bundle P π → Γ 0 . For any γ ∈ Γ, there is always a unique local bisection through γ since Γ is anétale groupoid. We denote by ϕ γ the local diffeomorphism on P induced by this local bisection. Note that ϕ γ is defined in an open neighborhood of any p ∈ π −1 (β(γ)).
Since Γ ⇉ Γ 0 is a Lie groupoid, there exists a (right) Haar system, denoted by λ = (λ x ) x∈Γ 0 , where λ x is a measure with support on Γ x = β −1 (x) such that
is smooth, and
• the right translation by R γ ′ : Γ y → Γ x (where y = α(γ ′ ) and x = β(γ ′ ) for all γ ′ ∈ Γ) preserves the measure, i.e.
Let us recall that a smooth function c :
(ii) for any K ⊂ Γ 0 compact, the support of (c•α) |Γ K is compact.
It is known [30, Proposition 6.7 ] that a cutoff function exists if and only if Γ ⇉ Γ 0 is proper. We can now define a connection θ on P π → Γ 0 by
Since c(α(γ)) has a compact support in Γ π(p) , the integral in Eq. (34) is well-defined. Let us check that θ is indeed a connection. It is easy to see, by Eq. (34) , that θ is G-invariant. For any X ∈ g,
Since
We check that θ is basic with respect to the U loc (Γ)-action. Since Γ isétale, we only need to check that θ is invariant under the U loc (Γ)
Now, using the relations ϕ *
Since the Haar measure λ π(p) (dγ) is invariant under the right translation, Eqs. (37) and (33) imply that
The right hand side of Eq. (38) is θ p ′ by definition. Therefore we have proved that θ p ′ = ϕ * γ θ p . By Corollary 3.8, we have ∂ θ = 0. This completes the proof.
Holonomy map
As usual, a flat connection on a principal G-bundle over a groupoid Γ induces a representation of the fundamental group of Γ to G via the holonomy map. Let us recall the definition of the fundamental group of a topological groupoid. We need a few preliminaries. Proof. A generalized homomorphism from {pt} to Γ is given by a space Z, a continuous map p : Z → Γ 0 and a right action of Γ on Z whose momentum map is p, such that Z/Γ ≃ {pt}. The element of Γ 0 /Γ corresponding to that generalized homomorphism is the class of p(z) for any z ∈ Z.
Conversely, ifx ∈ Γ 0 /Γ, choose a representative x ∈ Γ 0 . Then Z = α −1 (x) together with p = β : Z → Γ 0 and the multiplication on the right as the right action on Z, is a generalized homomorphism from {pt} to Γ. It is clear that if x, y ∈ Γ 0 are in the same groupoid orbit their corresponding generalized homomorphisms are equivalent.
We call a generalized homomorphism {pt} ← X → Γ 0 a point in Γ. A pointed groupoid is a pair (Γ, X), where Γ is a groupoid, and
is a generalized homomorphism from a groupoid Γ ′ to a groupoid Γ, and X ′ is a point in Γ ′ , then one can define the image Z•X ′ , a point in Γ by using the composition of generalized homomorphisms
Suppose that (Γ, X) and (Γ ′ , X ′ ) are two pointed groupoids. Then a pointed generalized homomorphism from (Γ ′ , X ′ ) to (Γ, X) is a pair (Z, ϕ), where Z is a generalized homomorphism from Γ ′ to Γ and ϕ is an equivalence from Z•X ′ to X. It is clear that pointed groupoids with pointed generalized homomorphisms form a category. For any x ∈ Γ 0 , consider the point {pt} ← α −1 (x) → Γ 0 in Γ as in the proof of Proposition 3.17. We denote by π 1 (Γ • , x) its corresponding fundamental group. Since the isomorphism class of π 1 (Γ • , x) only depends on the classx ∈ Γ 0 /Γ, we also denote it by π 1 (Γ,x) as well.
Remark 3. 20 We recently learned that the fundamental group of a stack is also being introduced by Behrang Noohi [27] It will become clear below (Proposition 3.24) that if x and y are in the same pathconnected component of Γ 0 then π 1 (Γ • , x) and π 1 (Γ • , y) are isomorphic (but the isomorphism may be not canonical). As a consequence, we have is given, then the composition of P and P ′ is the generalized path P ′′ from [a, c] to Γ defined by (P ∪ P ′ )/(p ∼ ψ(p)).
We will see below that the homotopy groups of Γ are in fact isomorphic to the homotopy groups of the classifying space BΓ, which is the fat geometric realization of the simplicial space Γ • .
Recall that the space BΓ is defined by lim n − − → (BΓ) n , where
and the equivalence relation ∼ is generated by
Here ǫ k i and η k i are the face and degeneracy maps of Γ • defined by Eqs. (1-4) , while ǫ k i and η k i are the face and degeneracy maps of ∆ • defined by Eqs. (44-45). It is known that BΓ is naturally endowed with a topology [13, 28] . (In the theorem above, Γ 0 is identified to a subspace of BΓ).
Proof. The proof is almost identical to that of [16, Theorem I.7] or [3] , where the proposition is proved in the unpointed case.
Corollary 3.25
For all n ∈ N and x ∈ Γ 0 , π n (Γ, x) ∼ = π n (BΓ, x).
Before we introduce the holonomy map, we need to characterize geometrically flat Gprincipal bundles over a groupoid Γ ⇉ Γ 0 (i.e. G-principal bundles which admit a flat connection). 
is a constant map for any Γ 
Proof. (i) =⇒ (ii):
Since P is flat as a G-principal bundle over Γ 0 , there exists a local trivialization ϕ i :
. Since ∂θ = 0, horizontal sections are invariant under the U (Γ)-action according to Lemma 3.7. It thus follows that ψ ij (γ) must be independent of γ.
(ii) =⇒ (iii): Let P ′ be the G d -principal bundle over Γ defined by the cocycle {ψ ij }. More explicitly, let Γ[U i ] ⇉ U i be the pull back groupoid of Γ ⇉ Γ 0 via the open covering
homomorphism, which is constant on each Γ
. Therefore, it defines a continuous groupoid homomorphism from Γ[U i ] to G d . Composing the Morita equivalence from Γ to Γ[U i ] with this homomorphism, one obtains a generalized homomorphism from Γ to G d , which corresponds to a G d -principal bundle P ′ over Γ.
(iii) =⇒ (i) By assumption, there is a local trivialization
, for all g ∈ G, induces a well-defined horizontal distribution on P , which is clearly a flat connection according to Proposition 3.6.
We are now ready to prove the main theorem of this subsection: Theorem 3.27 Let P π → Γ 0 be a flat G-principal bundle over a Lie groupoid Γ ⇉ Γ 0 , x ∈ Γ 0 and p ∈ P such that π(p) = x. There is a group homomorphism
called the holonomy map, defined as follows. For every generalized pointed loop
(Z, z 0 ) from (S 1 , * ) to (Γ, x), let P S 1 = Z × Γ P ′ be the pull back G d -principal bundle over S 1 , where P ′ is the corresponding G d -principal bundle over Γ as in Proposition 3.26. Let p ′ = (z 0 , p). Then Hol Γ,x,p (Z, z 0 ) := Hol S 1 , * ,p ′ (Id S 1 ).
In other words, if f (t) is the horizontal lift (with respect to the pull back connection) of the path Id
Proof. It remains to prove that the holonomy map only depends on the homotopy class of the generalized path. This clearly follows from Proposition 3.26(iii) and the continuity of the holonomy map. 
Chern-Weil map for G-differential simplicial algebras
In this section, we present an algebraic construction of Chern-Weil map for G-differential simplicial algebras. By an algebra, we always mean an N-graded super-commutative algebra.
Simplicial algebras
We start with recalling the definition of G-differential algebras [15] . • the action of G preserves the N-graded differential algebra structure;
• the following identities hold: ∀X, Y ∈ g and ∀g ∈ G
where L X denotes the infinitesimal g-action.
An element a ∈ A is called basic if L X a = 0 and i X a = 0 for any X ∈ g.
A standard example of G-differential algebra is the Weil algebra.
Example 4.2 (Weil algebra) Let g be the Lie algebra of a Lie group G, and let W (g) = S(g * ) ⊗ ∧g * be the tensor product of S(g * ) and ∧g * .
• The degree of an element in S k (g * ) ⊗ ∧ l g * is 2k + l. With respect to this grading, W (g) is clearly super-commutative.
• On generators, the differential d is defined by
is a basis of g * and (f i jk ) dim(g) i,j,k=1 are the structure constants of the Lie algebra g with respect to the dual basis of (ξ i )
.
• The Lie group G acts on W (g) by coadjoint action.
• For any X ∈ g, the contraction i X is defined to be an odd derivation, which, on the generators, is given by
In this case, the space of basic elements can be identified with S(g * ) G .
Another example is the following:
Example 4.3 Let P be a G-space. Then the algebra Ω(P ) of differential forms on P with the de Rham differential d, the natural G-action and the contraction: i X ω =X ω, whereX is the infinitesimal vector field on P corresponding to X ∈ g, is a G-differential algebra. In this case, the space of basic elements can be identified with Ω(M ).
A homomorphism between two G-differential algebras A and B is an N-graded differential algebra homomorphism which commutes with the G-actions and the contractions. It is easy to see that the G-differential algebras form a category.
Definition 4.4
1. A G-differential simplicial algebra A • is a sequence of differential N-graded algebras (A n ) n∈N together with a sequence of morphisms of G-differential algebras, called face maps ǫ n i : A n−1 → A n , i = 0, . . . , n and degeneracy maps η n i : A n+1 → A n , i = 0, . . . , n, which satisfy the co-simplicial relations: ǫ n j ǫ
A differential simplicial algebra is a G-differential simplicial algebra where G is the trivial group.
be the differential algebra of differential forms on M n equipped with the de Rham differential. It is simple to see that (A n ) n∈N is a (G-)differential simplicial algebra with the face and degeneracy maps being the pull-back of the face and degeneracy maps of the simplicial manifold.
Example 4.6 In particular, given a simplicial G-bundle Q • over Γ • , according to Example 4.5, (Ω(Q n )) n∈N , is a G-differential simplicial algebra. Equivalently (see Proposition 2.4), if P is a simplicial G-bundle over the groupoid Γ ⇉ Γ 0 , and Q ⇉ P is the transformation groupoid, then Q • = (Q n ) n∈N is a principal G-bundle over the simplicial manifold Γ • . Therefore one obtains a G-differential simplicial algebra (Ω(Q n )) n∈N .
The following construction gives us a useful way of constructing G-differential simplicial algebras.
Let A be a G-differential unital algebra. Set A n = A ⊗(n+1) , ∀n ∈ N be the tensor algebra of graded algebras constructed according to the Quillen rule [14] . The G-action on A extends naturally to an action of G on A n by the diagonal action. Similarly, the contraction operation extends naturally to A n as well using the derivation rule. Define ǫ n i : A ⊗n → A ⊗n+1 and η n i :
It is simple to check that ǫ n i and η n i satisfy all the compatibility conditions of face maps and degeneracy maps. Indeed we have the following: Proposition 4.7 If A is a G-differential unital algebra, then the sequence A • := (A ⊗(n+1) ) n∈N with the structures described above is a G-differential simplicial algebra.
Proof. The proof is a direct verification and is left for the reader.
In particular, when A is the Weil algebra W (g), one obtains the simplicial Weil algebra W (g) • (see [21] ): (n+1) ) n∈N is the Gdifferential simplicial algebra constructed as in Proposition 4.7 when A is taken to be the Weil algebra W (g).
One can also define homomorphisms between (resp. G-differential) simplicial algebras so that one obtains a category. Definition 4.9 Let A • and B • be differential simplicial algebras (resp. G-differential simplicial algebras). A homomorphism is a sequence of differential graded algebra homomorphisms (resp. G-differential algebra homomorphisms) ϕ n : A n → B n that commute with the degeneracy and face maps.
Cohomology and fat realization of differential simplicial algebras
Recall that the cohomology of an N-graded differential algebra (A, d) is
and that H(·) is a covariant functor from the category of N-graded differential algebras to the category of graded algebras. Similarly, one can introduce cohomology for simplicial differential algebras. Let A • = (A n ) n∈N be a differential simplicial algebra. By A k n , we denote the space of elements of degree k in A n . The collection {A k n |(k, n) ∈ N 2 } becomes a double complex with respect to the differential d n : A k n → A k+1 n of A n and the map δ : A k n → A k n+1 , which is defined to be the alternate sum of the face maps. We denote by H * (A • ), the cohomology group with respect to the total differential (−1) n d + ∂. Generalizing Eq. (15), there is a cup-product
with a structure of super-commutative algebra. When A • is the simplicial differential algebra of differential forms on a simplicial manifold M • = (M n ) n∈N , H * (A * ) reduces to the de Rham cohomology of the simplicial manifold as in Section 3.1.
Proposition 4.10 H * (·) is a covariant functor from the category of simplicial differential algebras to the category of N-graded algebras.
There is an alternative way to talk about the cohomology of a simplicial differential algebra, namely via the fat realization. First, let us introduce the fat realization of differential simplicial algebras following the idea of Whitney, which is a standard construction for simplicial manifolds (see [13] ).
Let ∆ n be the n-simplex, i.e ∆ n = {(t 0 , . . . , t n )| n i=0 t i = 1, t 0 ≥ 0, . . . , t n ≥ 0}. There are two sequences of maps ǫ n i : ∆ n−1 → ∆ n and η n i : ∆ n+1 → ∆ n defined by
Assume that A • := (A n ) n∈N is a differential simplicial algebra. Let
It is easy to see that the differentials on Ω(∆ n ) ⊗ A n , n ∈ N, respect the conditions (46)-(47) so that A • is a differential algebra, called the fat realization of A • . The fat realization defines a covariant functor from the category of differential simplicial algebras to the category of differential algebras, denoted by · . Similarly, the fat realization defines a covariant functor from the category of G-differential simplicial algebras to the category of G-differential algebras, denoted by the same symbol · .
Example 4.11
When A • is the simplicial differential algebra of differential forms on a simplicial manifold M • = (M n ) n∈N , the fat realization A • is (up to some topological completion) the space of differential forms on the geometric fat realization of M • [13] . More precisely, since Ω(∆ n ) ⊗ Ω(M n ) is a dense subset of Ω(∆ n × M n ), the fat realization A • is a dense subset of the space of simplicial differential forms on the geometric fat realization of M • .
Given a simplicial differential algebra, we can apply the fat realization functor to get a differential algebra and then the cohomology functor, or we can apply the cohomology functor directly. To compare these two approaches, we need the following integration map following [13] :
Note that the sum on the right-hand side of Eq. (48) is always finite. Hence I is well-defined.
Proposition 4.12
1. The integration map induces an isomorphism
If ϕ : A • → B • is a homomorphism of simplicial differential algebras, then the following diagram commutes
A • ϕ −→ B • I ↓ ↓ I A • ϕ −→ B •
Therefore one obtains a commutative diagram
Proof. The proof is similar to that of Proposition 6.1 in [13] and we omit it here.
We summarize some important functorial properties of the above constructions in the following Proposition 4.13
1. The fat realization · is a covariant functor from the category of differential simplicial algebras (resp. the category of G-differential simplicial algebras) to the category of differential algebras (resp. the category of G-differential algebras). Both functors will be denoted by R.
Taking basic elements is a covariant functor from the category of G-differential sim-
plicial algebras (resp. the category of G-differential algebras) to the category of differential simplicial algebras (resp. the category of differential algebras). Both functors will be denoted by B.
The two functors R•B and B•R are isomorphic as functors from the category of G-differential simplicial algebras to the category of differential algebras.
From now on, we will denote by A basic • , A • and H * (A • ) the image of a G-differential simplicial algebra A • under the functors B, R and H(·) respectively. Accordingly, we will denote by ϕ basic , ϕ and H(ϕ) the image of a homomorphism ϕ of G-differential simplicial algebras under these functors. 
Note that if ϕ : A → B is a homomorphism of G-differential algebras and θ is a connection on A, then ϕ(θ) ∈ (B 1 ⊗ g) G is a connection on B.
A connection induces a homomorphism of G-differential algebras
which is defined on generators as follows. For any ξ ∈ g * ,
Applying the basic functor, we get a morphism z θ : S(g * ) G → A basic , where the differential on S(g * ) G is the zero differential. The map z θ takes values in the subspace Z(A basic ) of A basic . More precisely, we have
) G is the curvature of θ. We call z θ the Chern-Weil map on the cochain level [15] .
Applying the cohomology functor, one obtains a morphism w θ : S(g * ) G → H * (A basic ) called the Chern-Weil map. The following result is well-known [15] .
does not depend on the connection. In the sequel, we denote w θ by w.
If ϕ : A → B is a homomorphism of G-differential algebras and θ is a connection on
Starting with a pseudo-connection on A • , we will construct a connection on its fat realization A • . Let us define (n + 1) maps from A 0 to A n by
The sequence α := (α n ) n∈N satisfies the compatibility conditions of Eqs. (46-47). Therefore Proof. Since all the maps p n i , i = 0, . . . , n, are homomorphisms of G-differential algebras,
is also a connection on A n . In particular, for any n ∈ N, θ n is G-invariant and therefore θ is G-invariant as well. To show that θ is a connection, it suffices to check Eq. (50) for any X ∈ g. NowX
This completes the proof.
According to Eq. (51), one obtains a homomorphism of G-differential algebras
Applying the basic functor, one obtains a homomorphism of differential algebras 
Composing c basic θ with the cohomology functor and using the isomorphism H * (S(g * ) G ) ∼ = S(g * ) G , one obtains a homomorphism of (graded) algebras
Finally composing H(c basic θ ) with the integration map I, we obtain a map
which is called the Chern-Weil map.
) is a homomorphism of (graded) algebras. Eq. (56) implies that w θ : S(g * ) G → H * (A basic It is simple to check that
and (X i )
are dual basis of g * and g. The Chern-Weil map on the cochain level induces a map
and the Chern-Weil map induces a morphism
Indeed T is an isomorphism according to Theorem 5.5 [21] .
where Z(A basic 
The Chern-Weil map w θ does not depend on the choice of pseudo-connections on
In the sequel, we will denote w θ by w.
Proof. 1) is already proved. 2) follows from Proposition 5.1. 
Second construction
We now describe our second construction of the Chern-Weil map. Assume that
(62)
Proof. The proof is a direct verification and is left to the reader.
Now applying the basic functor to Eq. (62) yields a homomorphism of differential simplicial algebras:
By composing with the map Z :
) defined as in Eq. (58), we obtain an homomorphism z
Applying the cohomology functor, we obtain a morphism of algebras
We see in Corollary 5.9 that indeed z s θ = z θ and w s θ = w. 
Properties of the Chern-Weil map
Proof. From Eq. (54), it follows that
According to Proposition 5.1, we have the commutative diagram
Applying the basic functor B, one obtains the commutative diagram:
By Proposition 4.13, the realization and basic functors commute. Therefore, we have Therefore, by Proposition 4.12(2), we obtain
In particular, if 
6 Chern-Weil map for principal G-bundles over groupoids
Main theorem
In this subsection, we apply the results of Section 5 to the case of a principal G-bundle over a groupoid. Let P π → Γ 0 be a principal G-bundle over Γ ⇉ Γ 0 . Then, according to Example 4.6, Ω(Q • ) is a G-differential simplicial algebra and a pseudo-connection θ ∈ Ω 1 (P ) ⊗ g defines a pseudo-connection on the G-differential simplicial algebra Ω(Q • ), where Q ⇉ P is the transformation groupoid. Note that Ω(Q • ) basic = Ω(Γ • ). Therefore, one obtains a Chern-Weil map w P : 
which is independent of the choice of pseudo-connections and is denoted by w P . Moreover, z θ is completely determined by the total pseudo-curvature (Proposition 6.3).
If ϕ is a strict homomorphism from
commute, where P ′ = ϕ * P is the pull-back of P via ϕ.
The following proposition lists some important properties of this Chern-Weil map. 
coincide with the Bott-Shulman maps [7, 8] .
Proof. 1) When Γ = M , the one-forms α n defined by Eq. (53) are all equal. Therefore, θ = (1 Ω(∆n) ⊗ θ) n∈N and c
The integration map I is equal to zero on Ω 0 (∆ n ) ⊗ Ω * (M ) unless n = 0. Composing Eq .(71) with I, we obtain z θ = I•c basic θ = c basic θ . The conclusion follows by passing to the cohomology.
2) Let θ ∈ Ω 1 (G) ⊗ g be the left Maurer-Cartan form of G. Then our construction reduces to that as in [13, Chapter 6] . Hence, the conclusion follows from [8] .
Now we turn to the study of the relation between the Chern-Weil map and the total pseudo-curvature.
As above, let θ ∈ Ω 1 (P ) ⊗ g be a pseudo-connection and Ω total = ∂θ + Ω ∈ Ω 1 (Q) ⊗ g ⊕ Ω 2 (P ) ⊗ g its pseudo-curvature. Let C be the subalgebra of Ω(Q • ) generated (under the cup-product) by the images of both maps ∧g * → Ω 1 (Q) and S(g * ) → Ω 2 (P ) induced by ∂θ and Ω respectively. Let D ⊂ Ω(Γ • ) be the subalgebra of Ω(Γ • ) consisting of basic elements of C.
In other words the Chern-Weil map is completely determined by the total pseudocurvature.
Proof. The curvature of θ on Q • is the simplicial g-valued 2-form Ω = d θ + 
Introducing new variables
Moreover the identity 
is the pull-back of the projection Q → Γ. Now, by Eq. (73), it is simple to see that f ( Ω n ) is a linear combination of terms of the form:
Note that by applying the integration map to the above forms, ω is integrated and the remaining terms are linear combinations of the form
. Now by the definition of cup-product, one can rewrite the latter as
Consider the subcomplex (Ω
When a connection exists, the Chern-Weil map admits an explicit simple form.
Theorem 6.4
Assume that the principal G-bundle P π → Γ 0 over the groupoid Γ ⇉ Γ 0 admits a connection θ ∈ Ω 1 (P ) ⊗ g. Then the following diagrams commute
where z : S(g * ) G → Z * (Γ 0 ) Γ , and w : S(g * ) G → H * dR (Γ 0 ) Γ denote the usual Chern-Weil maps by forgetting about the groupoid action i.e., z(f ) = f (Ω) ∈ Z * (P ) basic ∼ = Z * (Γ 0 ) and w(f ) = [z(f )] ∈ H * (Γ 0 ), ∀f ∈ S(g * ) G , where Ω ∈ Ω 2 (P ) ⊗ g is the curvature form. Hence the image of z : S(g * ) G → Z * (Γ 0 ) lies in Z * (Γ 0 ) Γ . Therefore, the image of w : S(g * ) G → H * dR (Γ 0 ) lies in H * dR (Γ 0 ) Γ . Since ∂θ = 0, it follows that all the terms θ i −θ i−1 in Eq. (73) vanish for i ∈ {0, . . . , n− 1}. Thus we have Ω n = n i=0 t i Ω i . This implies that for any f ∈ S(g * ) G , I(f ( Ω n )) = 0 except for n = 0. Therefore the identities z θ (f ) = I f ( Ω 0 ) = i(f (Ω)) hold.
Remark 6.5 In the case of anétale groupoid or the holonomy groupoid of a foliation, the Chern-Weil map has been studied by Crainic and Moerdijk in [12] . Example 6.7 The Chern-Weil map associated to a G-bundle over a finite group is always zero in strictly positive degree. This is due to the fact that this bundle admits a flat connection.
Universal Chern-Weil map
According to Proposition 2.11, a principal G-bundle P → Γ 0 over Γ ⇉ Γ 0 corresponds to a generalized homomorphism ϕ P from Γ ⇉ Γ 0 to G ⇉ ·. According to Eq. (16), such a generalized homomorphism induces a map ϕ * : H * dR (G • ) → H * dR (Γ • ). Let S(g * ) G → H * dR (G • ) be the Bott-Shulman map. Composing these two morphisms, we obtain a morphism 
where P ′ = ϕ * P is the pull-back of P Proof. According to Theorem 6.2(2), we know that the claim holds for the principal G-bundle G → · over G ⇉ ·. Let Q ′ be the groupoid Q × G ⇉ P as in Eq. (10) . And let pr : Q ′ → G and p : Q ′ → Γ be the strict homomorphisms given by the natural projections on G and Γ, respectively. It is simple to see that the pull-back of the principal G-bundle G → · by pr is isomorphic to P = P × G → P . According to Eq. (74) and Theorem 6.1(2), we have
On the other hand, the pull-back of P → Γ 0 via p is also isomorphic to P → P . Hence Eq. (74) implies that w u P = p * w u P , while Theorem 6.1 (2) implies that w P = p *
•w P . Therefore
It is easy to see that Q ′ ⇉ P is indeed the pull-back of Γ ⇉ Γ 0 via P π → Γ 0 . So these two groupoids are Morita equivalent, and therefore, according to Lemma Remark 6.10 From Corollary 6.9, it follows that the universal Chern-Weil map is defined for G-bundles over differential stacks. Note that generalized homomorphisms correspond to smooth maps between their stacks. Theorem 6.8 means that, when a presentation of a differential stack, i.e. a Lie groupoid, is chosen, the universal Chern-Weil map can be computed using a pseudo-connection, as in the manifold case. Taking the tensor product with Ω(M ), we obtain
where 
There is a natural projection from R onto Γ given by π(h 1 , h 2 , m) = (h Since the image of Ξ under F is Ξ, which is a connection for the G-differential algebra W (h) • ⊗Ω(P ), we also have a commutative diagram W (g) c π * θ 7 7 n n n n n n n n n n n n c Ξ / / c Ξ ' ' P P P P P P P P P P P P
Since all the arrows of this diagram are G-H-bimodule maps (W (g) is considered as a trivial H-module), we can restrict ourself to elements which are both G-and H-basic. We then obtain the following commutative diagram: 
Now the composition of c θ and I is z θ , the Chern-Weil map on the cochain level, while K is the composition (ψ η ⊗ id) H−basic Remark 6.16 For equivariant Chern-Weil map in the Cartan model, we refer the reader to [5, 19] .
